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Abstract: To address the dimensional deviation challenges in the investment casting of hollow turbine blades, this study
proposes a multi-parameter collaborative optimization and deformation response prediction method based on response

surface methodology. Taking pouring temperature, shell temperature, and withdrawal rate as key variables, deformation

response data are obtained through numerical simulation, and a second-order model incorporating linear, interaction, and

quadratic terms is established to characterize the nonlinear coupling effects of process parameters on dimensional

deformation. The results indicate that withdrawal rate is the dominant factor influencing deformation, while shell

temperature exhibits a pronounced“U”-shaped nonlinear trend. Significant interactions between process parameters are

also observed. The constructed model demonstrates high predictive accuracy, with R2 of 0.978 and an RMSE of 0.0026

mm, and exhibits strong generalization capability, enabling the identification of optimal parameter combinations even

beyond the simulated dataset. Compared with conventional orthogonal design methods, the optimized process reduced

the predicted maximum deformation from 0.2047 mm to 0.1905 mm, achieving an improvement of approximately

6.95%. This work provides a theoretical foundation and practical strategy for dimensional accuracy control and

multi-parameter process optimization in the manufacturing of complex thin-walled castings.
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1 Introduction
Investment casting is a critical manufacturing process for

high-performance hollow turbine blades, in which process

parameters exert a decisive influence on both the forming

quality and dimensional accuracy of the castings [1, 2]. With

the increasing structural complexity and performance

requirements of turbine blades, significant coupling

effects have emerged among key process variables such

as withdrawal rate, pouring temperature, and preheating

temperature during casting [3-5]. These interactions are

recognized as major contributors to deformation and

dimensional deviation in cast components [6-8]. Therefore,

systematically identifying the dominant process

parameters and their interactions has become a core

challenge in improving the dimensional precision and

consistency of turbine blades.

In recent years, with the rapid advancement of numerical

simulation technologies, extensive research has been

conducted on solidification-based numerical analysis and

process optimization in investment casting [4, 9-11]. These

efforts have significantly contributed to shortening

development cycles, reducing experimental costs, and
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improving product quality. Hoda Dini et al. [12] employed

a single-factor control approach to investigate the effects

of process parameters on residual stress and dimensional

variation in castings. Ma et al. [13] studied the influence of

thermal gradients and withdrawal rates on defect

formation during Bridgman directional solidification.

Miller et al. [14] determined optimal process conditions by

analyzing the position and morphology of the

solid–liquid interface. Galantucci et al. [15] used the finite

element method to simulate temperature field evolution

during directional solidification and examined the impact

of filling temperature, withdrawal rate, and furnace

geometry on the thermal gradient. Tian et al. [16]

conducted orthogonal experiments to optimize process

parameters, resulting in a 21.8% reduction in flange

deformation. K. Niranjan et al. [17] designed a multi-factor,

multi-level experimental scheme and validated the

derived model, achieving a prediction accuracy

exceeding 95% for the mechanical properties of the

material.

Although previous studies have made notable progress

in process parameter optimization, most remain limited

to single-factor analysis, making it difficult to fully

capture the interactions among variables and their

synergistic effects on dimensional deformation [18-20]. In

contrast, response surface methodology (RSM) offers the

ability to construct high-order regression models

incorporating interaction terms, while maintaining strong

modeling accuracy and optimization capability. These

features make it suitable for addressing the complexity

and coupling investment casting process optimization.

Based on this, the present study employs RSM to

model and optimize the multi-parameter combinations

involved in the investment casting of turbine blades. By

investigating the dimensional deformation behavior

under various process conditions, this work aims to

provide both theoretical support and methodological

guidance for the precision manufacturing of complex cast

components.

2 Materials and methods

2.1 Experimental procedure
The directional solidification of directionally solidified or

single-crystal turbine blades is a complex process

involving the coupling of multiple physical fields and

influencing factors. From alloy melting to solidification,

the entire process is conducted under vacuum conditions.

As illustrated in Fig. 1, the directional solidification

system and its corresponding numerical modeling

process for single-crystal turbine blades are presented.

Fig. 1(a) shows the structural schematic of the casting,

including the gating system, ceramic core, blade body,

starter block, and grain selector, which together define

the functional layout along the vertical axis. Fig. 1(b)

illustrates the numerical simulation model, incorporating

the mold geometry and the heating–cooling zone

configuration designed to reproduce the thermal gradient

environment. Fig. 1(c) displays the experimental

directional solidification apparatus, in which the mold is

gradually withdrawn from the heating furnace into the

cooling chamber to achieve controlled unidirectional

solidification. The entire process was carried out in a

vacuum induction furnace, sequentially involving alloy

melting, mold filling, directional solidification, and

constraint removal.

Fig. 1: Experimentation and modeling of turbine blade directional solidification
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In the experiment, 5 kg of DD6 single-crystal

superalloy was melted under a vacuum pressure of

3×10� ³� Pa and subsequently poured from the top into

the mold shell, which had a thickness of 7.5 mm. After
a short holding period to achieve thermal equilibrium, the

mold was withdrawn downward at a specified rate,

enabling its gradual transition from the high-temperature

zone to the low-temperature zone. This movement

established a longitudinal temperature gradient along the

blade axis, promoting the formation of a directionally

solidified structure.

Table 1 Nominal chemical composition of single-crystal superalloy DD6

Element C Cr Co W Mo Al Nb Ta Re Hf Ni

wt% 0.2 4.3 9 8 2 5.7 1.2 7.2 2 0.1 Bal

During the early stage of solidification, heat transfer

occurred primarily via thermal conduction in the

downward direction. However, as the solid–liquid

interface progressed upward, the thermal conductivity

decreased and the dominant heat dissipation mechanism

gradually shifted from conduction to radiation [21-24].

Further experimental details are illustrated in Fig. 1(a).

Fig. 2: Surface mesh of the gating system

To improve computational accuracy and efficiency, as

shown in Fig. 2, a non-uniform finite element mesh was

employed in the model, with element sizes ranging from

0.5 to 15 mm. Approximately 1.07 million elements
were generated in total, with local mesh refinement

applied to critical regions such as the blade root junction

and interface transition zones.

2.2 Boundary conditions
To ensure the accuracy of the thermal property data for

the alloy, this study calibrated and fitted key thermal

parameters of the DD6 nickel-based superalloy—such as

thermal conductivity and density—based on

experimental measurements and simulations using

JMatPro and ProCAST software, such as thermal

conductivity, density, enthalpy and fraction solid. As

shown in Fig. 3, the obtained material properties serve as

essential input for the subsequent coupled

thermal–mechanical simulations of the temperature and

stress fields.
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Fig. 3: Partial thermophysical parameters of the nickel-based superalloy DD6: (a) conductivity; (b) density;

(c) enthalpy and (d) fraction solid

The heat transfer between the furnace and the mold

shell was primarily considered to occur via thermal

radiation, with the radiation direction oriented toward the

interior of the furnace. The radiation emissivity was set

to 0.7, as referenced in [4, 25].

Under these assumptions the equation for heat transfer

in castings can be simplified to [26, 27].

2 2 2

2 2 2

T T T T
c Q
t x y z

 
    

        
(1)

where  is the density, kg/m3; c is the specific heat,

J/(kg  K); T is temperature, K; x, y, and z represent
coordinates;  is the heat conductivity, W/(mK); Q is the
radiation heat between the casting surface and its

environment, W/m3.

The temperature of the liquid metal is uniformly

distributed at the initial time of solidification.

  00
, , ,

t
T x y z t T


 (2)

where 0T is the initial superalloy temperature.

According to the Stefan-Boltzmann's law, the radiation

from the inner surface of the furnace and the outer

surface of the mold shell yield

4 4( )s aq T T  (3)

where q is the heat flux density, J/m2; ε is the emissivity,

value in [0, 1];  is the Stefan–Boltzmann

constant; sT and aT are surface and ambient temperature,

respectively.

2.3 Response surface method
RSM is a statistical analysis approach widely used in

experimental design and process parameter optimization,

particularly suitable for addressing complex problems

involving nonlinear behavior and multi-factor

interactions. By systematically varying experimental

conditions, RSM enables the construction of functional

relationships between input variables and response

variables. The response is typically fitted using a

second-order polynomial regression model, which is

expressed as follows [28-30]

2

1 1 1 1

k k k k

o i i ij i j ii i
i i j i

y x x x x   
   

      (4)

where y represents the predicted response, x is the

independent variables, and β corresponds to the

regression coefficients.

Fig. 4 presents the geometric layout of experimental points

constructed using the Box–Behnken design (BBD), aimed at

exploring the influence of three key process parameters on

dimensional accuracy during the investment casting of turbine

blades.As one of the most used experimental designs in RSM,

BBD is particularly suitable for optimization involving two to
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five factors [31-34].

In the 3D parameter space, blue solid spheres denote

the BBD design points, positioned at the midpoints of the

edges of the cubic design space, while the red central

point represents the repeated center run used for

estimating experimental error and model curvature. This

structured sampling strategy ensures balanced evaluation

of parameter interactions while avoiding extreme corner

points, thereby improving both the safety and statistical

robustness of the experimental plan.

Fig. 4: Spatial distribution of BBD points in a three-factor

parameter space for investment casting optimization.

This design requires the specification of three levels

for each factor: the high level (+1), the low level (–1),

and the center point (0). Notably, all experiments are

confined within the defined design space and do not

involve extreme or extrapolated conditions beyond the

specified range.

Table 2. Experimental Variables and Levels

Process parameters Symbol
Levels

-1 0 1

Pouring temperature (℃) A 1520 1550 1580

Shell temperature (℃) B 1450 1475 1500

Withdrawal rate (mm/min) C 2 2.5 3

Pouring temperature Tp(℃), shell temperature Ts(℃),

and withdrawal rate v(mm/min) were selected as the

process variables, while the blade deformation was taken

as the target response. As shown in Table 2, each of the

three process parameters was set at three levels, coded as

–1, 0, and +1, corresponding to the low, center, and high

levels, respectively.

Table 3. Some Experimental Matrices for RSM Designs Based on Three Level Variables

No.
Influencing factors Response

Deformation (mm)A B C

1 1520 1450 2.5 0.2170

2 1520 1500 2.5 0.2204

3 1520 1475 2 0.2039

4 1520 1475 3 0.2232

5 1550 1450 2 0.2047

6 1550 1500 2 0.2043

7 1550 1450 3 0.2277

8 1550 1500 3 0.2261

9 1550 1475 2.5 0.2056

10 1550 1475 2.5 0.2057

11 1550 1475 2.5 0.2053

12 1550 1475 2.5 0.2052

13 1550 1475 2.5 0.2051

14 1580 1450 2.5 0.2103

15 1580 1500 2.5 0.2150

16 1580 1475 2 0.2021

17 1580 1475 3 0.2131

The experimental scheme and the corresponding

response values are presented in Table 3. Based on the

three selected process parameters, a total of 17

experimental runs were generated. The resulting

deformation responses ranged from 0.18 mm to

0.23 mm. A nonlinear mathematical model was
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subsequently developed based on the BBD framework to

describe the response surface.

3 Results and discussion

3.1 Directional solidification physical field analysis
The evolution of the temperature field provides a

fundamental basis for analyzing the stress and

displacement fields. By examining the temperature

distributions at various time steps, the thermal evolution

during the solidification process can be clearly captured,

enabling the assessment of solidification mode,

solidification sequence, and internal thermal gradients of

the casting.

Fig. 5: Temperature field distribution during directional solidification of castings

As shown in Fig. 5, the temperature contour maps of

the blade at the initial moment, 1000 s, 3000 s, 5000 s,

7000 s, and 9000 s illustrate the temperature evolution

during the investment casting process. The results reveal

a distinct vertical temperature gradient, with nearly

horizontal isothermal lines, indicating that heat flow is

predominantly conducted along the axial direction. This

thermal condition facilitates the preferential vertical

growth of the single crystal, which is consistent with the

theoretical principles of directional solidification for

single-crystal blades.

Fig. 6: Displacement field distribution during directional solidification of castings

Dimensional deviation is a critical issue in the

investment casting of turbine blades. Minimizing

deformation and ensuring high surface accuracy are

essential objectives for improving casting quality. As

illustrated in Fig. 6, the displacement contour maps at the

initial moment, 1000 s, 3000 s, 5000 s, 7000 s, and 9000

s display the evolution of the displacement field

throughout the casting process. These distributions

enable a clear and intuitive observation of the

deformation magnitude and trends in various regions of

the casting, including the platform and trailing edge,

thereby providing valuable insights into the overall

deformation behavior during the entire investment

casting process.

3.2 Influence of a single process parameter on casting
dimensions
To further investigate the influence of key process

parameters on the dimensional deformation response of

the castings and to identify the optimal parameter
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combination for improving dimensional accuracy, this

study employed a modeling and optimization approach

based on RSM. Pouring temperature, shell temperature,

and withdrawal rate were selected as the primary process

variables.

To analyze the effect of each individual parameter

while holding the other two at their center levels,

response surface slice plots were generated. These plots

illustrate how the target function—deformation

magnitude—varies with changes in a single parameter

under controlled conditions. The results are presented in

Fig. 7.

Fig. 7: Effect of three process parameters on predicted response.

The influence of pouring temperature on deformation

was relatively minor, exhibiting a slight decreasing trend

overall, indicating low sensitivity of this parameter to

dimensional variation. In contrast, shell temperature

showed a pronounced nonlinear effect on deformation,

with a near “U”-shaped response curve. This suggests the

existence of an optimal temperature range, where both

excessively high and low values may lead to increased

deformation. Withdrawal rate was identified as the most

influential factor, with deformation increasing

significantly as the rate increased, implying that a lower

withdrawal rate is preferable for minimizing dimensional

deviation.

Furthermore, the distribution of the confidence

intervals indicates that the model yields higher predictive

accuracy near the center of the design space. However,

increased uncertainty is observed at the boundaries,

likely due to a lower density of experimental data in

those regions.

3.3 RSM-based process optimization results
The response values, representing the dimensional

deviations of the castings under different process

parameter combinations, were obtained through

numerical simulation or experiments. These responses

were modeled as functions of coded variables using a

second-order response surface model incorporating linear,

quadratic, and interaction terms. The resulting model was

employed to characterize the individual effects of each

process parameter on casting deformation, as well as the

interactions among them.

2 2 2

0?.20557 0.00463 0.00077 0.01102

0.00033 0.00117 0.00032

0.00088 0.00926 0.00091

Y A B C

AB AC BC

A B C

   
  

  

(5)

In the model, variables A, B, and C represent the
normalized values of pouring temperature, shell
temperature, and withdrawal rate, respectively, with
each ranging from –1 to +1. The linear relationships
between the actual physical parameters and the coded
variables are detailed in Table 2. This model facilitates
the analysis of main effects, interaction effects, and
nonlinear behaviors of the process parameters,
providing a theoretical foundation for subsequent
optimization.
The root mean square error (RMSE) and the

coefficient of determination (R2) were used to evaluate

the accuracy of the response surface model. The specific

formula is as follows:

 2
1

1 n

i i
i

RMSE y y
n 

  (6)
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i ii

n

i ii

y

y
R

y

y








 




(7)

where iy and 
iy are the true value and predicted

value of the casting samples, respectively, and iy

denotes the sample mean. The smaller the RMSE value,

the closer the R2 is to 1, i.e., the smaller the difference

between the model's predicted value and the true value,

the better the model's performance.

The statistical characteristics of the model indicate

strong fitting accuracy and predictive capability: the

coefficient of determination was R2=0.978, the analysis

of variance yielded a significant F-value of 24.2 with a

p-value of 0.00132, and the RMSE was 0.0026 mm.

As shown in Fig. 8, 3D response surfaces and 2D
contour plots were generated based on the RSM model
to illustrate the interaction effects of process
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parameters on flange deformation. In each case, the
third parameter was fixed at its central level.
Fig. 8(a) and (b) show a curved response surface,

indicating strong interaction between Ts and Tp. At low
Tp, deformation is more sensitive to Ts; at high Tp, the
surface flattens, suggesting greater stability. The
contour plot reveals an elliptical optimal region, with
lower deformation in the medium-to-high temperature
range.
Fig. 8(c) and (d) show that deformation increases

monotonically with v, confirming it as a dominant

factor. Higher Tp mitigates this trend. Dense contour
lines at high v indicate steep response gradients and
highlight the need to tightly control v for dimensional
accuracy.
Fig. 8(e) and (f) show a distinct valley shape,

indicating an optimal withdrawal rate range within a
certain Ts interval. Deformation decreases as Ts drops,
but rises again at low Ts, likely due to reduced shell
stiffness and increased thermal stress. Symmetric
contour lines further confirm the existence of an
optimal region.

Fig. 8: Interaction effects of process parameters on the deformation response of turbine blades: (a) pouring temperature vs.

shell temperature; (c) pouring temperature vs. withdrawal rate; (e) shell temperature vs. withdrawal rate — 3D response surface

plots. (b), (d), and (f) are the corresponding 2D contour plots for (a), (c), and (e), respectively.
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Based on the established model, an objective
function was defined to minimize the response value.
Constrained optimization was performed within the
coded variable range of [–1, 1] to identify the optimal
parameter combination corresponding to the minimum
deformation. The optimal solution was then mapped
back to actual physical values using linear
interpolation, as summarized in Table 4.

Table 4. Comparison of optimization results between orthogonal

and RSM for dimensional deviation minimization of turbine

blades

Method Tp TS V
Response

(mm)

Orthogonal 1550 1450 2 0.2047

RSM 1580 1473 2 0.1905

As shown in Table 4, the RSM-derived optimal

parameters—pouring temperature 1580� °C and shell

temperature 1473� °C—effectively reduced the

deformation from 0.2047 mm to 0.1905 mm under a
fixed withdrawal rate, achieving a reduction of

approximately 6.95%.

Fig. 9: Location of the optimized solution in the normalized BBD

space.

The red point in Fig. 9 represents the optimized

parameter combination obtained via response surface

modeling. Unlike orthogonal experimental designs

limited to discrete factor levels, RSM builds a continuous

regression model across the design space, enabling the

identification of optimal conditions beyond the original

design points.

Notably, the optimal solution lies within the interior of

the design cube but does not coincide with any simulated

experiment, highlighting the model’s strong interpolation

and generalization capabilities. This confirms the

effectiveness of RSM in capturing nonlinear, multi-factor

interactions and identifying improved solutions in

previously unexplored regions—an essential advantage

for investment casting process optimization.

4 Conclusions
Based on RSM, a predictive model for dimensional

deformation and process parameter optimization was

developed for the investment casting of turbine blades.

The effects of key parameters—including pouring

temperature, shell temperature, and withdrawal rate—on

the dimensional response were systematically

investigated. The main conclusions are as follows:

1) Sensitivity analysis revealed that withdrawal rate is

the dominant factor, while shell temperature

exhibits a “U”-shaped nonlinear relationship with

deformation. Significant interactions among

parameters were observed, indicating the need for

coordinated regulation to optimize forming quality.

2) The constructed second-order RSM model

demonstrated strong fitting accuracy, with a

coefficient of determination R2= 0.978 and a RMSE

of 0.0026. The model effectively captures the

complex nonlinear relationships between process

parameters and deformation response.

3) RSM enables the prediction of optimal parameter

combinations beyond the originally tested design

points. The optimized process reduced the predicted

deformation from 0.2047 mm to 0.1905 mm,
achieving a reduction of approximately 6.95%,

thereby validating the adaptability and effectiveness

of RSM in complex casting process optimization.
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