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Abstract: Thin-walled castings are widely used in various industrial fields, but their micro-mechanism still requires
in-depth research. To deeply study the micro-mechanism of dendrite growth in thin-walled spaces during casting, the
phase-field lattice Boltzmann simulations of Al-0.576 wt% Cu alloy were performed to investigate the growth
morphologies of equiaxed dendrites and directionally grown dendrites in thin-walled spaces under different convection
states. The results show that solute plumes were generated in equiaxed dendrites under different convection conditions,
and the primary dendrites upstream were more developed than those downstream. When Py = 0.01 m/s2, the asymmetry
degree of primary dendrites upstream and downstream decreased, and the inclination angles of primary dendrites on the
left and right sides also decreased. Meanwhile, during the growth process of directionally grown dendrites, the
convection form in the thin-walled space gradually changed from the coexistence state of natural convection and forced
convection to the state dominated by natural convection. This paper reveals the micro-mechanism of dendrite growth in
thin-walled spaces, which is helpful in providing theoretical guidance for actual production practice.
Keywords: phase-field method; solidification; dendritic growth

1 Introduction
As industries advance, the demand for lightweighting
has been steadily increasing in various industry sectors,
particularly within the aerospace industry. Accordingly,
thin-walled structures have become widely used in
many aerospace components, such as the aerospace
engines [1] . However, traditional gravity casting (GC)
techniques often lead to defects such as incomplete
filling, inclusions, shrinkage porosity/cavities within
thin-walled castings [1]. These conventional methods
face even greater difficulties in producing high quality,
complex-shaped thin-walled castings.

In recent years, the emergence and development of
counter gravity casting (CGC) technology has offered
a novel solution for manufacturing thin-walled
components [2]. This technology has found widespread
application in various industry sectors, including
aerospace [1], automotive manufacturing [3, 4] and
electronics [5]. Nowadays, the primary categories of
CGC techniques include low pressure casting (LPC)
[6], counter pressure casting (CPC) [7], vacuum suction

casting (VSC) [8], and adjusted pressure casting (APC)
[9]. Different from GC, the CGC process involves the
molten metal being subjected to an artificially applied
force in the direction opposite to gravity, in addition to
the gravitational force. As a result, in the CGC process,
the filling speed of the melt is more stable and
controllable, resulting in higher quality castings with
virtually no inclusions such as oxides, or shrinkage
porosity and cavities.

Experimental research has indicated that the applied
pressure could influence the filling process and
solidification process, leading to the fine and dense
solidification microstructure, then the improvement of
mechanical properties. Yan et al. [10] found that the
increasing solidification pressure could enhance the
extrusion and infiltration among the dendrites, making
the solidification microstructure finer and denser. Li et
al. [11] conducted real-time X-ray observations of the
solidification process of Al-20 wt% Cu alloy under
gravity in thin-walled spaces. They discovered that the
filling and solidification behavior of the alloy melt
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primarily depended on the wall thickness. As the wall
thickness decreased, the dendritic network became
denser, and the melt filling time was reduced.
Simultaneously, dendrites nucleated on the colder wall
surfaces and grew towards the center. Due to the
confined space within thin-walled castings, convection
between growing dendrites and the melt becomes
significant during solidification. Therefore, the process
of dendritic growth involves complex interactions
among the flow field, solute field, temperature field,
and solid-liquid phase transformation. Study of the
individual parameters involved in such interactive
process using traditional experimental methods is
challenging. Currently, few research has investigated
the microscopic mechanisms of dendritic growth under
convection in confined thin-walled space. Therefore,
employing numerical simulation methods to
investigate the multi-physics fields involved in these
interactive processes is particularly crucial.

In recent years, with the refinement and
development of the phase-field method (PFM) and the
lattice Boltzmann method (LBM), more and more
researchers have adopted a coupled approach
combining these two methods to simulate the process
of dendritic growth. Zhang et al. [12] coupled the
phase-field method with the Lattice Boltzmann
Method to simulate the morphological evolution of
equiaxed grains and dendrites in Al-4 wt% Cu alloy
under both natural and forced convection. Their
findings indicated that convection leads to the
deflection of the dendritic primary trunk. Zhang et al.
[13] simulated the directional solidification process of
CM247LC alloy using a coupled phase-field and
Lattice Boltzmann method, finding that the crystal
orientation angle had a minor effect on the solute
plume.

In this work, the PFM coupled with the
multi-relaxation times (MRT) LBM D2Q9 model is
utilized to investigate the impact of varying convection
conditions on dendritic growth within thin-walled
castings during solidification. From the perspective of
microscopic mechanisms, we elucidate the
characteristics of dendritic growth in thin-walled
spaces under different convection conditions by fully

studying the dendritic morphologies, concentration
distribution, and convection velocity distribution at the
growth front of dendrites. This research aims to
provide a theoretical basis for practical production.

2 Numerical methods
2.1 Phase-field model
The phase field model proposed by Karma et al. [14] for
binary alloy was employed to simulate the evolution of
phase field and concentration field. The governing
equation of phase field can be described as below

(2.1)

in which  is phase field variable, 1  represents
solid phase, and -1  represents liquid phase.   n
is the relaxation time. For isothermal solidification,

     2( )1 1 sMc k U a     n n (2.2)

in which   01 /m kM T  is the dimensionless
liquidus slope. m is the liquidus slope. k is the partition
coefficient.  0

0 1lm cT k   is the equilibrium
solidification temperature range. 0

lc is the equilibrium
liquid composition at initial temperature 0T . ( )sa n
is the anisotropy function, which can be expressed as

   24 4 2 2
4 4( ) 1 3 4 /s x y x ya          n (2.3)

in which 4 is the anisotropic strength. 1 0 0/aW d 

is the coupling factor. 1 0.8839a  [15] is a constant,
and 0W is the solid-liquid interface width.

0 0/d T  is the chemical capillary length.  is
the Gibbs-Thomson coefficient. U is the dimensionless
solute concentration, which can be described as

 
2 /1 1

1 1 1 ( )
c c

k k g
U

k 


 
       

(2.4)

in which c is the solute concentration. c is the
nominal composition of alloy. ( )g   is the
interpolation function.  0 0/T T T    is the
equivalent dimensionless undercooling, and T is the
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temperature. For directional solidification,   n can
be temperature dependent, which can be expressed as

     2
01 1 / ( )x sG R t ak x T        n n (2.5)

in which xG is the temperature gradient along
X-direction, and x is the distance from the nucleation
site. For directional solidification, the frozen
temperature approximation was employed and can be
described as

0 -xT T G x R t   (2.6)

in which R is the cooling rate, and t is the simulation
time.

The governing equation for the evolution of
concentration field can be described as

(2.7)

in which 2D a  is the dimensionless solutal
diffusion coefficient in liquid phase. 2 0.6267a  [15]

is a constant. ( )q   and ( ) 2 / 2a   are the
interpolation functions. pv is the dimensionless melt
velocity, which can be expressed as

2
0 0

1 2
0

p
d W

a a
D d

 
  

 
 v
v (2.8)

in which D is the solute diffusion coefficient in liquid
phase. v is the melt velocity.
2.2 MRT-LBM D2Q9 model
To model the melt flow behavior and convection, the
MRT-LBM D2Q9 model [16] was employed in this
work. The governing equation of particle distribution
function (PDF) can be described as

(2.9)

in which  ,if tx and  ,jf tx are the PDFs at
position x and time t along the ith and jth direction,
respectively.  eq ,jf tx is the equilibrium PDF at
position x and time t along the jth direction position.

vector in the lattice space. x is the space interval,
and t is the time interval. ie is the unit discrete
velocity, which is expressed as
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(2.10)
1 M SM is the collision matrix, and M is the

transformation matrix between the lattice space and
velocity space, which is defined as

1 1 1 1 1 1 1 1 1
4 1 1 1 1 2 2 2 2
4 2 2 2 2 1 1 1 1
0 1 0 1 0 1 1 1 1
0 2 0 2 0 1 1 1 1
0 0 1 0 1 1 1 1 1
0 0 2 0 2 1 1 1 1
0 1 1 1 1 0 0 0 0
0 0 0 0 0 1 1 1 1
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 
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   
 

   
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   

M =
(2.11)

S is a diagonal matrix containing multi-relaxation
times in 9×9 dimension [17], and S can be defined as

 0,1.63,1.14,0,1.92,0,1.92, ,diag s s S = (2.12)

in which 0.5 1 /s   is the relaxation parameter.
0.5 3   is relaxation time, and 0.5 3   is

the kinematic viscosity.

 ,iF tx is the external force term, according to
the reference [18], can be calculated by

1 1
2

    
 

F M I S MF (2.13)

 2

2 4

:

2
i s

i i
s s

ii
c

F w
c c

   
 
 

GG v c c Ic (2.14)

in which iw is the weight factor, and can be defined

as

4 / 9,                     0
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i
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w i

i


  
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(2.15)

ic is the discrete velocity. 2 22 / 3x tsc   is the lattice
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sound speed. = x yG i G jG
 

represents the resultant
external force, including the buoyancy force  ,BG tx ,
dissipative drag force  ,DG tx and applied force

 ,FG tx , according to the references [19-21], which can
be calculated by

       , , , ,B D FG t G t G t G t  x x x x (2.16)

   0,B c llcG t c f   x g (2.17)

   2
2

0

2, 1D l l
hG t f f

W


  x v (2.18)

 ,F lG t A f x e (2.19)

in which  ,ii
f t  x is the fluid density in

lattice space.  1 / 2lf   is the fraction of liquid
phase. c is the solute expansion coefficient.

29.8 /g m s  is gravitational acceleration. The
negative sign indicates the negative direction of Y-axis.

2.757h  is a constant. v is the macroscopic fluid
velocity. yA P is the acceleration transformed by
the external pressure gradient dp/dy, and can be
calculated by

y
dpP
dy




(2.20)

2.3 Simulation condition

To simulate dendritic growth in a space approaching
the actual dimensions of thin-walled castings, we
selected Al-0.576 wt% Cu alloy as the model alloy due
to its larger chemical capillary length. The physical
properties and simulation-related parameters for this
alloy are presented in Table 1. The time interval in this
work is    20.8 / 4t x D    . The initial
concentration field was set by the dimensionless
supersaturation     0 0

0 / 1 =0.5l lc c c k    . 0
lc

is the initial concentration of liquid phase at the
solid-liquid phase interphase.

The boundary conditions for all simulations are
illustrated in Fig.1. For phase-field and concentration
field, the top and bottom boundaries are set as periodic
boundary conditions. The left boundary uses a
zero-flux boundary condition, while the right boundary
is a symmetric boundary condition. For flow field, the
top and bottom boundaries are again periodic boundary
conditions. The left boundary employs a
non-equilibrium extrapolation scheme for non-slip
boundary conditions. The right boundary is set as
symmetric. Finally, the boundaries between the fluid
and solid dendrites are defined by no-slip boundary
conditions with a bounce-back scheme.

Tab. 1 The physical properties of Al-0.576 wt% Cu
Parameter Symbol Value

Nominal concentration (wt%) c∞ 0.576

Liquidus slope (K/wt%) m -2.7[22]

Equilibrium solute partition coefficient k 0.14[23]

Solute diffusion coefficient in liquid (μm2/s) D 3000[23]

Solute expansion coefficient (1/wt%) βc -0.73[12]

Gibbs-Thomson coefficient (K∙μm) Г 0.24[23]

Kinematic viscosity (m2/s) υ 4.851×10-7

Interface width (μm) W0 0.9375[23]

Gravitational acceleration (m/s2) g0 -9.8

Cooling speed (K/s) R 1

Temperature gradient (K/mm) G 2

Transformed acceleration (m/s2) Py 0.01

Anisotropic strength ε4 0.02

Space interval (W0) x 0.8
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In this work, for isothermal solidification of equiaxed
dendrites, the simulation domain is 1000Δx×1000Δy (Δy
= Δx) = 0.75×0.75 mm2. For directional growth of
dendrites, the simulation domain is 1000Δx×1200Δy (Δy
= Δx) = 0.75×0.9 mm2. This study employs a hybrid
programming approach utilizing Python and Taichi
language to leverage Graphics Processing Unit (GPU)
acceleration for simulations. All simulations were
conducted on a single NVIDIA Tesla V100-SXM2 GPU.
3 Results and discussion
3.1 Effects of convection on the equiaxed dendritic
morphologies

As shown in Fig. 2, the solidification morphologies
evolution of equiaxed dendrites under natural convection
and forced convection has been investigated. Under no
convection condition (Figs. 2(a1) and (a2)), the lengths of
four primary dendritic trunks are comparable. However,
when natural convection was present (Figs. 2(b1) and
(b2)), the upstream dendrites grew faster than those
downstream ones, and the secondary dendrites appeared
on the upstream primary dendrite trunks. The growth of
downstream dendrites was suppressed and existed
splitting phenomenon, resulting from an accumulation of
solute. For βc <0, the rejected solute accumulated

downstream under gravity, leading to the solute plume
phenomenon (Fig. 2(b1)), which is closely relative to
the formation of freckle in castings [24]. Here, when g =
-g0 (Figs. 2(c1) and (c2)), because of buoyancy force,
the solute plume appeared at the upper side. When the
Py = 0.01 m/s2 was present (Figs. 2(d1) and (d2)), at t =
0.375 s, the length of downstream primary dendrite is
larger than that of upstream primary dendrite, which
indicated that there was a reversal of flow direction.
The effects of natural convection caused by gravity
were decreased, leading to the central position of
solute plume being closer to the dendrite tip.

Fig. 1 Simulation conditions for directional dendritic growth.

Fig. 2 Simulation results of equiaxed dendrites growth under different convections: (a1)-(a2) non-convection, (b1)-(b2) g = g0 and Py = 0,

(c1)-(c2) g = -g0 and Py = 0, (d1)-(d2) g = -g0 and Py = 0.01 m/s2, within different simulation time: (a1)-(d1) t = 0.375 s, (a2)-(d2) t = 0.75 s.

To further study the relation between the dendrite
morphologies and convections, as shown in Fig. 3, the
concentration along e-f line (seen in Fig. 2(a1)) was

investigated. Under convections, the maximum
concentration values around the upstream dendrite tip
were 0.954 wt% (Py = 0), and 0.942 wt% (Py = 0.01
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m/s2), which are larger than 0.878 wt% of that without
convection. Meanwhile, when Py = 0.01 m/s2, the
maximum concentration around the downstream
dendrite tip was 0.834 wt%, higher than that when Py =
0. The high solute concentration around dendrite tips
can decrease the local melting point, leading to the
decrease of local undercooling. Therefore, the growth
velocity of dendrite tip decreases. Consequently, the
length of the downstream dendrite trunk can be shorter
than that of the upstream dendrite trunk, and the
horizontal primary dendrite trunks deflect (seen in Fig.
2(b2)) [12]. The deflection angle was measured by
ImageJ. Under convections, when Py = 0, the deflection
angle θ was 17.556°, while θ was 15.48° when Py =
0.01 m/s2. The deflection angle decreased 2.076°,
resulting from the decrease of convection strength

around the dendrite. An asymmetry degree  was
used to quantitively analyze the length difference
between the upstream primary dendrite trunk and
downstream primary dendrite trunk.  is defined as:

1 2

1 2

l l
l l







(3.1)

in which 1l and 2l are the lengths of the upstream

primary dendrite trunk and downstream primary
dendrite trunk, respectively (seen in Fig. 2(a2)). When
t = 0.75 s, under no convection, 0  , while

0.52  when Py = 0, and 0.17  when Py =
0.01m/s2 under convections. Therefore, within an
appropriate applied force in casting, the dendrite
morphologies can be more symmetrical.

Fig. 3 The concentration distribution of solute Cu along line e-f under different convections

3.2 Effects of convection on the directionally solidified
dendritic morphologies
In thin-walled casting molds, nucleation typically
initiates at the colder side walls, followed by dendritic
growth progressing toward the central region [11].
Therefore, as shown in Fig. 4, the directional dendritic
growth has been simulated. Under convections, the
growth direction of the dendrites becomes inclined
toward the direction of fluid flow. When Py = 0 (Fig.
4(b)), the deflection angle of the dendrites was 5.32°.
When Py = 0.01m/s2 (Figs. 4(c) and (d)), the deflection
angle of the dendrites was 4.45°, which decreased 0.87°,

resulting from the decrease of convection strength around
the dendrite tips. Interestingly, there was a transformation
of convection modes. As shown in Fig. 4(c), at t = 1.5 s,
natural convection induced by gravity dominated near the
dendrite tips, resulting in a fluid velocity primarily
oriented along the negative Y-axis. However, in the region
farther from the dendrites, where solute enrichment was
relatively weak, the convection was mainly driven by the
forced convection caused by the applied force. As the
dendrites grew, the solute concentration in the distal
region gradually increased. By t = 2.25 s, natural
convection became dominant throughout the thin-walled
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domain, and the overall fluid motion aligns with the negative Y-direction.

Fig. 4 Simulation results of directional dendrites growth under different convections: (a) non-convection, (b) g =
g0 and Py = 0, (c)-(d) g = g0 and Py = 0.01 m/s2. (c) is at t = 1.5 s; (a), (b) and (d) are at t = 2.25 s.

As shown in Figs. 4(b) and 4(d), when Py = 0.01 m/s2,
the development of secondary dendrites is suppressed, the
competition between primary and secondary dendrites is
alleviated (see the yellow dashed circles in Figures 4(b)
and 4(d)). As a result, the primary dendrites gained a
growth advantage. Consequently, the solidification
microstructure was finer than that when Py = 0.

By analyzing the melt velocity along the g-h line (Fig.
4(a)), the convection behavior ahead of the dendrite tips
can be evaluated. As illustrated in Fig. 5, when Py = 0.01
m/s2, with the continued growth of dendrites, the fluid
velocity in the distal region along the Y-axis eventually
shifts fully in the negative Y-direction, indicating that
gravity-driven natural convection becomes the prevailing
flow mechanism. The flow velocity (-0.0013 m/s) around
the dendrite tips is lower than that (-0.0017 m/s) when Py
= 0, indicating the decrease of convection strength.

Fig. 5 The velocity distribution along line g-h in the
Y-direction under different convections

4 Conclusions
This study coupled the multiple-relaxation-time Lattice
Boltzmann method with the binary Karma phase-field
model to simulate the influence of different convection
conditions on the morphology of Al-0.576 wt% Cu
equiaxed grains and directionally solidified columnar
dendrites within thin-walled spaces. The main
conclusions are as follows:

(1) Equiaxed grains exhibited solute plume phenomena
under gravity-driven natural convection, leading to
significant differences in the development of upstream
and downstream dendrites. When Py = 0.01 m/s2 was
present, the intensity of gravity-induced convection was
reduced. The distance between the solute plume center
and the dendrite tip decreased, and the tilt angle of the
primary dendrite arms growing on the left and right sides
was reduced from 17.556° to 15.48°.

(2) Under conditions of the temperature gradient G = 2
K/mm and the cooling rate R = 1 K/s, convection caused
directionally solidified dendrites within the thin-walled
space to tilt in the direction of fluid motion. This tilt angle
decreased with a reduction in the overall convection
intensity. When Py = 0.01 m/s2 was present at time t = 1.5
s, convection near the dendrite tips in the thin-walled
space was predominantly gravity-induced natural
convection, while forced convection due to Py dominated
at the far end. As the dendrites grew within the
thin-walled space, the overall convection form became
primarily natural convection.

(3) By simulating the growth morphology of equiaxed
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grains and directionally solidified dendrites under various
convection conditions in thin-walled spaces, this research
further elucidates the microscopic solidification
mechanisms in both gravity casting and counter-gravity
casting of thin-walled components. This provides
valuable theoretical guidance for actual production
practices.
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